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Abstract

The present work contributes to define the domain of validity of two continuum approaches, based on Navier–Sto
and quasi gas-dynamic (QGD) equations, respectively. Results obtained using each method are compared with thos
using a direct simulation Monte Carlo (DSMC) method considered as a reference. QGD equations differ from NS
the presence of additional dissipative terms. The present paper includes a brief presentation of QGD equations a
procedures used here. The rarefied flow around a perpendicular disk has been considered for a freestream Mach num
from 2 to 20, a Knudsen number equal to 0.1 and two levels of wall temperature.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

The interest of defining the domain of validity of continuum approaches for rarefied gas flows is due to the fact that
continuum equations requires usually less computational resources than using methods based on a molecular descript
Bird’s Direct Simulation Monte Carlo (DSMC) method [1]. This is a particular advantage for the simulation of non-stat
flows. In addition to the Navier–Stokes (NS) equations, another set of continuum equations, namely the quasi gas
(QGD) equations, are considered [2]. They can be regarded as a promising approach for the description of viscous
but the domain of validity of these equations has not been sufficiently investigated. Data obtained by DSMC are u
reference. The physical modeling is made consistent in all calculations, but DSMC results are free from the near-eq
hypothesis that is included in the continuum approaches.

The domain of validity of continuum NS and QGD approaches compared with the DSMC model was investigate
for the flow along a semi-infinite sharp flat plate. It was found, that QGD equations bring an improvement compared
ones in the vicinity of the leading edge. Otherwise QGD and NS results tend to coincide one with another and with th
data. For a given numerical procedure, QGD equations are more stable than NS ones. For rather large Knudsen
the advantage of the QGD model compared with the NS one in estimating the mass-flow rate in a plane micro-cha
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Fig. 1. Definition of the problem.

demonstrated in [4]. Experimental data were used as a reference. The application of QGD equations to the underex
problem [5,6] and their generalization to binary gas mixtures [7] illustrate other possibilities of this approach.

In addition to the above-mentioned problems we consider now an infinitely thin circular disk perpendicular to a sup
freestream (Fig. 1). The problem is difficult from a computational point of view due to strong gradients and large diff
in the density levels encountered ahead of a disk and in the near wake. A similar problem (70 degrees blunted cone)
retained as a test-case studied both experimentally and numerically by a number of workers, with particular intere
wake region [8], and for the heat transfer rate, with potential applications to future Mars entry missions [9].

In this paper we present a comparison of NS, QGD and DSMC approaches for the flow around a disk, with emp
wall quantities (skin-friction, pressure and heat-flux distributions on the forward-facing disk surface), as well as on
temperature and velocity distributions in the near-wake region. A systematic study has been carried out for a freestre
numberMa∞ equal to 2, 5 and 20 and for a wall temperatureTw equal to the freestream stagnation temperatureT0 and to
0.5T0, successively. The Knudsen numberKn = λ∞/(2R) was equal to 0.1, whereλ∞ denotes the mean free path andR the
radius of the disk. The subscript()∞ refers to freestream conditions and will be dropped when there will be no ambiguity
casesKn= 0.01 and 0.005 have been also considered but will not be discussed here. Particular attention has been pa
consistent physical modeling in all approaches considered: monoatomic hard-sphere gas with full accommodation a
resulting in a viscosity lawµ ∝ T 0.5 and a Prandtl numberPr equal to 2/3.

2. Gas dynamic equations and boundary conditions

Gas-dynamic equations consist of a system of three partial-derivative equations

∂ρ

∂t
+ ∇iJ

i = 0 (conservation of mass), (1

∂(ρuk)

∂t
+ ∇iJ

iuk + ∇kp = ∇iΠ
ik (conservation of momentum), (2

∂E

∂t
+ ∇i

J i

ρ
(E + p) + ∇iq

i = ∇i (Π
ikuk) (conservation of energy), (3

with E = 0.5ρuiui + ρε. Hereρ is the density,�u the velocity-vector,p = ρRT/M the pressure,M the molar mass,R the
perfect-gas constant,T the temperature,ε = p/(ρ(γ − 1)) the internal energy,γ the specific heat ratio. To close the syst
(1)–(3), the mass flux vectorJ i , the shear-stress tensorΠik , and the heat flux vectorqi must be expressed as a function
macroscopic flow quantities. Different expressions for these quantities lead either to the NS equations, or to the QGD e

NS equations are based on

J i = J i
NS = ρui, (4)

Πik = Πik
NS = µ

[∇kui + ∇iuk − (2/3)gik∇j uj
]
, (5)

qi = qi = −κ∇iT . (6)
NS
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Heregik is the metric tensor,µ andκ are the viscosity and heat conductivity coefficients, respectively. According to [2
system (1)–(3) can be closed also by

J i = J i
NS − τ

(∇j (ρuiuj ) + ∇ip
)
, (7)

Πik = Πik
NS + τui(ρuj∇j uk + ∇kp) + τgik(uj∇j p + γp∇j uj ), (8)

qi = qi
NS − τρui

(
uj∇j ε + puj∇j

(
1

ρ

))
. (9)

Here the parameterτ is Maxwell’s relaxation time, equal toµ/p and close to the mean time between successive mole
collisions. This expression ofτ is consistent with another derivation of QGD equations, based on a kinetic model (Boltz
equation in BGK approximation supplemented with an approximation of the distribution function in the Taylor decomp
form, e.g. [3,7]).

The conservation of mass, momentum, total energy and the entropy theorem are valid for QGD equations as for the
NS ones. QGD and NS systems differ by terms of O(τ ), or in dimensionless form, by terms of O(Kn) whenKn → 0. For
stationary flows, the difference is of O(Kn2). These additional dissipative terms in the QGD system work as a stabilizer
numerical scheme for the NS system. However, QGD system is non-Galilean invariant, and the non-Galilean invarian
from these additional terms of O(Kn2). The latter are space-derivatives of the second order and they differ from the B
additional terms that are space derivatives of the third order. A review of theoretical and numerical results for QGD e
can be found in [2].

The problem definition scheme is shown in Fig. 1. The radial and axial components of the velocity vector were
ur anduz, respectively. The conditions at the left (upstream) boundary are those in the undisturbed flow:uz = V∞, ur = 0,

p = p∞, ρ = ρ∞. At the right (downstream) and upper (lateral) boundaries, so-called “soft” conditions are prescribed:∂f/∂n =
0 wheref = (ur , uz,p) for NS andf = (ρ,ur , uz,p) for QGD. n is the co-ordinate normal to the boundary. Symme
conditions are applied on the axis. At the disk surface, conditions for velocity slip and temperature jump are prescribe

us =
(

µ

ρ

√
πM
2RT

∂ut

∂n

)
s

and Ts − Tw =
(

κM
2ρR

√
πM
2RT

∂T

∂n

)
s

, (10)

whereut is the tangential velocity and the subscripts refers to the gas parameters along the wall. These boundary cond
were complemented by the no-flow conditionun = 0 and by the additional pressure condition∂p/∂n = 0 for the QGD system
The last two conditions ensure the absence of mass flux across the boundaryJ i = J i

NS = 0. The no-flow velocity condition
leads to identical expressions of momentum, heat flux and energy exchange in QGD and NS equations on the solid w

Πik = Πik
NS = σ = µ

∂ut

∂n
, qi = qi

NS = κ
∂T

∂n
, qE = µut

∂ut

∂n
+ κ

∂T

∂n
.

3. Flow conditions

It was supposed (rather arbitrarily) that the working gas was Argon, characterized by a specific heat ratioγ = 5/3
(monoatomic). Considered as a hard-sphere gas, with a molecular diameter equal tod = 3.622× 10−10 m, and a molecu
lar massm = 6.634× 10−26 kg m−3, its viscosity is given by Bird [1] as

µ = 5

16d2

√
mkT

π
, wherek is the Boltzmann constant. (11)

The freestream temperatureT∞ and number densityn∞ were taken equal to 273 K and 1.716× 1018 molecules m−3, respec-
tively, resulting in a collision frequencyν = 4nd2√

kT π/m = 380.4 s−1 and a mean free pathλ∞ = 1 m.
A number of parameters relative to the different flow conditions considered is presented in Table 1. It includes q

ρ∞V 2∞ andρ∞V∞Cp(T0 − Tw). The first one is used to normalize the wall skin-friction and get the skin-friction coeffi
Cf /2= σ/(ρ∞V 2∞) whereas the second one is used to normalize the wall heat transfer in the caseTw = 0.5T0 and get the hea
transfer coefficient (Stanton number)Ch = qE/(ρ∞V∞Cp(T0 − Tw)). In the near-adiabatic case (Tw = T0), the thermal flux
was not considered.

Stagnation parametersp0 andT0 are defined as

p0 = p∞
(

1+ γ − 1

2
Ma2∞

)γ /(γ−1)

, T0 = T∞
(

1+ γ − 1

2
Ma2∞

)
.
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Table 1
Flow parameters

Mach numberMa∞ 2 5 10 20
Stagnation temperatureT0 (K) 637.0 2548 9373 36673
Velocity V∞ (m/s) 615.5 1538.7 3077 6155
Reynolds numberRe= 2ρ∞V∞R/µ∞ 32.96 82.40 164.81 329.6
Reduced stagnation pressurepi2/p∞ 6.345 37.17 147.3 588.0
ρ∞V 2∞ (Pa) 0.04311 0.26944 1.07775 4.31099

Information forTw = T0:
Wall temperature ratioTw/T∞ 2.333 9.333 34.33 134.3
pf m/p∞ on forward-facing side 12.61 67.38 262.5 1043

Information forTw = T0/2:
Wall temperature ratioTw/T∞ 1.167 4.667 17.16 67.15
ρ∞V∞Cp(T0 − Tw) (W/m2) 11.61 116.1 854.0 6683
pf m/p∞ on forward-facing side 11.16 60.14 234.7 932.9

Table 2
Characteristic parameters of DSMC runs

Run Near-adiabatic caseTw = T0 Cold-wall caseTw = T0/2

E1 A4 B2 D2 A5 A8 E3 A10 A12 A13

Ma∞ 2 5 5 5 5 20 2 5 20 20
Grid E A B D A A E A A A
δt (ms) 0.5 0.2 0.2 0.2 0.1 0.05 0.45 0.15 0.025 0.01
tstat (s) 0.25 0.1 0.1 0.1 0.1 0.02 0.2 0.05 0.03 0.03
tfinal (s) 1.24 0.36 0.43 0.25 0.48 0.134 3.25 0.59 0.24 0.088
νδt < 0.8 0.94 0.93 0.95 0.46 0.96 0.95 0.9 0.64 0.26
V∞δt (m) 0.31 0.31 0.31 0.31 0.15 0.31 0.28 0.23 0.153 0.062

4. DSMC calculations

Direct Simulation Monte Carlo (DSMC) calculations were carried out using the code DISIRAF (DIrect SImulat
RArefied Flows) developed at the Laboratoire d’Aérothermique du CNRS, based on the ideas of Bird [1]. This code ha
been applied to a variety of problems, e.g. [3,9]. The molecular interaction was described by the VHS (Variable Hard
model used here in the particular case of hard-spheres molecules. Consistency with NS and QGD calculations was e
the relation (11) between viscosity and reference collisional cross-section. The correct molecular frequency was en
using the NTC (No Time Counter) algorithm.

The number of real molecules simulated by a computational molecule was variable. In a given cell, it was taken
(napproxVcell)/10, wherenapprox was an estimation of the local number density andVcell the volume of the cell. This would
ensure a uniform cell population ofNc = 10 computational molecules ifn were exact. For an initial calculation,napprox was
taken equal ton∞. This resulted in a cell population that ranged from less than one molecule to tens of molecules. The
density resulting from the initial solution was then used as a better estimate ofn. The weighting factor of the molecules w
readjusted and a new calculation was launched. The number of computational molecules per cell was found rather un
the results were retained.

Molecules were injected through the upstream (z = zmin = −13 m) and lateral boundaries with distribution functions cor
sponding to freestream conditions. The disk (z = 0, 0< r < rmax) was considered as a diffusely reflecting surface with per
accommodation at wall temperatureTw . The inward flow-rate of molecules through the downstream boundary (z = zmax) was
neglected because of the supersonic nature of the flow. A fraction of the computational time was used to reach the st
(0< t < tstat). Then the computation was continued (tstat< t < tfinal) to gather statistical information by sampling the flowfie
and recording exchanges between the gas and the wall. The values oftstatandtfinal, as well as a number of other data are giv
in Table 2 for the different runs.

Different grids were used to check the sensitivity of the results to the grid parameters, and to the extent of the comp
domain. The scheme of the grids is shown in Fig. 2. The intersection of the grid with the disk plane was used to divide b
of the disk intoN3 surface elements. The minimal cell size is imposed near thez = 0 plane (z-direction) and near the disk edg
(in ther-direction). Space stepsδz andδr changed by a constant factorf between adjacent cells. The meaning of subscrip
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Fig. 2. Scheme of computational domain.

2, 3, 4 is made clear in Fig. 2. The number of cells in grids A, B, D and E was 4875, 4736, 1320 and 4875, respectiv
values of (N1,N2,N3,N4) were (30, 45, 30, 35) for grids A and D, (30, 44, 30, 34) for grid B, (16, 24, 15, 18) for grid C.

It is generally admitted that the cell size must be small compared with both the gradient length scale and the local m
path. The first condition is required to ensure a correct space resolution. The second condition is based on the fact tha
partners are chosen within the same cell, irrespective of their actual position. Thus the cell should have dimensions sm
a mean free path to prevent unrealistic collisions to take place. In fact, when the first condition is satisfied, collision
are sampled with the correct distribution functions, even when they are more than one mean free path apart. Thus on
condition is necessary, but it may be as severe as the second one in some regions (shock wave structure, Knudsen
where the gradient length scale is governed by the local mean free path. Thus the cell size in any direction�x must be such tha
|δ�x · �∇Q/Q| � 1, whereQ is the most rapidly changing flow parameter.

It is also generally admitted that the time stepδt must be sufficiently small to ensure that the following condition hold
each cell

νδt < 1 or δt < 1/ν = τc (mean time between collisions). (12)

This condition is due to uncoupling the processes of moving and colliding molecules with time stepδt . An additional condition
is due to the fact that computational collisions take place at the end of the molecular moving rather than at any time du
intervalδt . The collisional partners of a given molecule are representative of the real ones only if the macroscopic param
the flow do not change significantly along the path traveled by the molecule duringδt . This condition has different expressio
in a supersonic flow (molecular displacement is governed essentially by the macroscopic flow velocity�u) and in a subsonic flow
(it is governed essentially by the thermal speedc)

δt <
|Q|

|�u · �∇Q| (locally supersonic), (13)

δt <
|Q|

c × | �∇Q| = τc

λ
× |Q|

| �∇Q| (locally subsonic). (14)

In a subsonic flow, the gradient length scale|Q|/| �∇Q| cannot be smaller than the mean free pathλ and condition (14) is no
more severe than condition (12). In a supersonic flow, condition (13) is often overlooked, although it may be more sev
the usual condition (12) by a factor approximately equal to the Mach number. To give an indication of how condition
satisfied, the productV∞δt is given in Table 2. This quantity is to be compared with the gradient length scales (≈ R = 5 meters
when governed by the geometry).

A reference calculationA4 was run with grid A andδt = 2 × 10−4 s for Ma∞ = 5, Tw = T0. The same case (B2) was
recalculated with the same parameters using grid B which differs only by the absence of the last downstream row of ce
grid D was used (runD2). It was characterized by cell dimensions larger by a factor of 2 in both directions. Finally calcu
A5 was run with a time step smaller by a factor of 2, ensuringνδt < 0.46 in any cells, whereas the other calculations resu
in νδt < 0.95. It was found that displacing the downstream boundary or using a smaller time step does not change th
Using the coarse grid D affects slightly the shock structure but has no visible influence on the other quantities.
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To check for the possible influence of time step in a high supersonic conditions, calculationA12 was run with grid A and
δt = 2.5×10−5 s forMa∞ = 20,Tw = T0/2. The same case was recalculated as runA13 with the same parameters except t
the time step was equal to 10−5 s. All results of runA13 coincide with those of runA12 within statistical scatter.

Thus the DSMC results presented in the present work can be considered as free from discretization errors. The ru
results have been used for comparison with QGD and NS ones are underlined in Table 2.

5. NS calculations

The numerical results were obtained using the finite volume zonal commercial code INCA [10]. In short, the code
the complete Navier–Stokes equations by means of a time marching method. The evaluation of the inviscid terms
on flux splitting in combination with upwind based differencing. The code supports the flux-vector-splitting method of
and Warming. The diffusion terms are evaluated using standard central differences. The LU-SGS algorithm is used to
system using Gauss–Seidel relaxation. Viscosities are evaluated using a power lawµ ∝ T 1/2 consistent with both DSMC an
QGD methods. The computational domain is divided into two zones shown in Fig. 2. It contains (30× 100) cells in zone 1 and
(70× 100) cells in zone 2. The grid structure is very similar to the DSMC grid that has been described in Section 4.

An infinitely thin surface was considered to separate the two zones. The computational domain was large en
freestream conditions to be specified at the upstream and lateral boundaries. Downstream outflow quantities were ex

The sensitivity of numerical results to mesh refinement was analyzed forMa = 20 andTw = T0/2. Results were obtaine
for two different grids (100× 100 and 100× 60). The smallest cells near the disk edge had (z × r) dimensions equal to
(0.01R × 0.02R) and (0.02R × 0.04R) respectively. The results obtained for the distributions of adimensional pressur
z-component of velocity along the symmetry axis at the same convergency level are very close to one another. Thus N
can be regarded as free from discretization errors.

6. QGD calculations

For the numerical calculations an explicit in time finite-volume method was used, similar to that described in [5]. T
isymmetric form of QGD equations (1)–(3), (7)–(9) was used in a non-dimensional form withµ = τp. The corresponding
scaling quantities are taken in the freestream region: mean free pathλ∞, densityρ∞, sound velocitya∞ = √

γRT∞, temper-
atureT∞.

The rectangular computational domain is covered with a rectangular non-uniform grid with stepsδr andδz. The smallest
space steps in ther-direction are situated near the disk edge (δr = 0.2) and near the axis. The smallest space steps (δz = 0.2)
in thez-direction are placed near the disk plane. Between adjacent cells,δr andδz increase by constant factors. The position
the upper boundaryrmax is taken sufficiently large for the upper boundary to be located entirely in the undisturbed frees
The symmetry axis and the disk surface are placed half-way between the nodes. The thickness of the disk is equal toδz.

An explicit finite-difference scheme is constructed. Space derivatives are approximated by a centered scheme. Flow
ters are calculated in the nodes of the computational grid. Quantities at the centered points between the nodes are ca
the average of the quantities at the two nearest nodes. Mixed derivatives are calculated as 1/4 of the sum of the correspondin
quantities in the nearest four points. Time derivatives are approximated with first accuracy order. Freestream condition
as inflow and initial conditions. Boundary conditions (10) are treated as algebraic equations whose coefficients are ta
the previous time step. At the disk surface,µs is calculated asµs = µ(Ts).

When solving QGD equations, oscillations appeared forMa∞ = 20 in regions with strong gradients. To overcome
problemµ was replaced byµ + µ′, whereµ′ = βpδ/a in the dissipative terms, except in those with mixed spatial derivat
δ is the local space step,a is the speed of sound,β is the smallest possible damping parameter that ensures the stability
solution. The same procedure was used successfully in a number of supersonic calculations, e.g. [3,5]. ForMa∞ = 20,β was
taken equal to 0.1. For all other cases, there was no need to stabilize the solution. The steady-state solution is obta
limit of a time-evolving process. The computation stops when the steady-state solution is reached. The time step is

the Courant stability conditionδt = α min(δ/V ), whereV = a +
√

u2
r + u2

z . The coefficientα is chosen empirically and range
from 0.005 to 0.02.

Grid dependence of the results was studied by repeating a calculations forMa∞ = 5 with space steps twice smaller in bo
directions. Distributions of flow parameters and wall quantities obtained with grids 78× 74 and 155× 147 are very close to on
another or indistinguishable. To check for the influence of the stabilizing parameterβ, the test caseMa∞ = 2 was calculated
for β = 0 andβ = 0.1. Increasingβ smooths slightly the pressure and density gradients in the expansion fan, which resu
small increase of pressure and density in the wake of the disk. The rest of the flowfield is not influenced byβ. Thus the presen
QGD results are not significantly affected by finite discretization nor by the introduction of the stabilizing parameterβ.
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7. Results and discussion

The distributions of wall and flow quantities obtained by all three methods have been plotted together and will be com
upon in this section. Freestream quantities are used to make all plotted results dimensionless.

Wall quantities are of interest for practical applications. The pressurep and the shear stressσ are plotted in a dimensionles
form (p/p∞, Cf /2 = σ/(ρ∞V 2∞)) in the left part of Fig. 3 for the flow conditionsMa∞ = 2, 5 and 20,Tw = T0. DSMC
makes a difference between normal stressFn due to molecular normal momentum exchange and pressurep deduced from the
equation-of-state near the wall. Near the disk edge, results may be affected by details of the treatment for the singu
pressure results are close to one another. The reduced pressure on the forward-facing side is close to the reduced
approximationpi2/p∞ while the free-molecular estimation (pf m/p∞) would be approximately twice larger (see Table 1). F
Ma∞ = 20 and even forMa∞ = 5, the skin-friction coefficient is much better predicted by QGD than by NS equations
Ma∞ = 2, the flow is closer to equilibrium and all methods give similar results.

For the cold-wall problem (Tw = T0/2, Ma = 2 and 20), the distributions ofCf /2 andCh are plotted in the right part o
Fig. 3. QGD equations result again in a better estimation ofCf /2. The differences between NS and QGD results increase
increasing the Mach number. The heat transfer rates obtained by the three methods are close to one another.

The axial distributions ofρ, T and axial velocities forMa∞ = 5, Tw = T0 are shown in Fig. 4. The disk is located in t
planez = 0. QGD velocities are presented in two forms – asu and asuJ = J/ρ, based on the mass fluxJ given by Eq. (7). The
difference between these velocities is proportional toτ and goes to zero for small local Knudsen numbers. The density and
velocity profiles along the stagnation line are nearly insensitive to the model. The main differences are seen for the tem
profiles ahead of the shock. The QGD temperature profile departs from the freestream value earlier than NS and DSMC
Compared with DSMC results, NS and QGD results exhibit differences in opposite directions. The main differences

Fig. 3. Wall quantities:Tw = T0 (left), Tw = T0/2 (right).
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Fig. 4. Axial profiles ofρ (a), T (b) anduz (c)
(Ma∞ = 5, Tw = T0).

Fig. 5. Transverse profiles ofρ (a),T (b) andur (c)
(Ma∞ = 5, Tw = T0).

the methods are observed in the near wake, where continuum approaches result in much higher densities and tem
QGD density and pressure being larger than NS ones. QGD temperature near the wall is closer toTw than NS one (see Table 1
consistent with a smaller temperature jump. In this caseTw = T0 = 9.33T∞. For the axial velocity distributions DSMC velocit
is found betweenuz anduJ

z , whereuz computed by NS and QGD models are rather similar. With increasingz, whereτ and
local Knudsen number become smaller,uJ

z anduz computed by all three methods coincide. It is actually observed that th
wake tends to coincide for all three calculations.

Transverse profiles of density and temperature obtained by the three methods forMa∞ = 5, Tw = T0 at z/R = 1 and 4 are
presented in Fig. 5(a) and (b). NS and QGD profiles are quite close to one another. The main departure from DSM
on the temperature distributions atz/R = 1. Transverse velocity profiles close to the disk surface (z/R = 0.1) are presented in
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Fig. 6. Axial profiles of local Knudsen number andP parameter for QGD calculations (Ma∞ = 5, Tw = T0).

Fig. 5(c). Here the differences between theuJ
r andur velocities are significant because of the large local Knudsen num

resulting in large values ofτ . Here DSMC results correspond well with the QGDuJ
r velocity, but not with theur obtained by

NS and QGD.
The density just behind the disk is very low. DSMC calculations indicate thatρ/ρ∞ ≈ 0.05 atMa∞ = 2 and is even smalle

at Ma = 5 and 20. Thus the local mean free path is large (20λ∞, or 4R at Ma∞ = 2 and even larger atMa∞ = 5 and 20). The
near wake is entirely within the Knudsen layer where continuum methods are not claimed to be valid.

The discussion on the validity range of a continuum approach is based on the following considerations. A gas is
equilibrium (and its velocity distribution function is close to a Maxwellian one) if the variation of a macroscopic parametQ is
small over the distance travelled by a molecule between two successive collisions.

In a locally subsonic flow, the thermal speed is larger than the macroscopic flow velocity and that distance is the m
pathλ = c τc, with c = √

(8RT )/(Mπ). The corresponding criterion writes

KnGLL = λ| �∇Q|/|Q| � 1, (15)

whereKnGLL is a “gradient-length local” Knudsen number.
In a locally supersonic flow, molecules travel essentially at the flow velocity�u and the above criterion writes

P = |�u · �∇Q|/|Q| = √
π sλ| �∇Q| |cosθ |/(2|Q|) � 1, (16)

where we have introduced the molecular speed ratios = u/
√

2RT/M and the angleθ between the flow velocity and th
direction of the gradient.

A particular case of the latter criterion has been introduced by Bird [1] for expanding flows.Q was taken as the density an
P was termed a “breakdown parameter”.

A unique criterion can be deduced from (15) and (16) as

λ
| �∇Q|
|Q| max

(
1,

√
π

2
s|cosθ |

)
� 1. (17)

The variations of both parametersKnGLL andP along thez axis are plotted in Fig. 6 forMa∞ = 5, Tw = T0, takingQ = ρ

obtained from the QGD flowfield. In the supersonic regions (well ahead of the disk and in the far wake)P exceedsKnGLL, but
in the subsonic regions (in the shock layer and in the near wake)P < KnGLL. It is clearly seen, that the significant differenc
between NS, QGD and the reference DSMC model correspond to regions with highP andKnGLL values.

Examples of 2D flowfields are presented in Fig. 7 for the flow parametersρ andT . DSMC results are plotted as a reference
both the upper and lower parts of the figures. They appear as symmetrical isolines (full lines). In addition, NS and QG
are plotted respectively in the upper and lower parts (dotted lines). The extent of the upstream and lateral disturbance
by the disk in the freestream is very similar when obtained by the three methods. However already mentioned differe
observed in the wake region. The coincidence with DSMC results is obtained more rapidly when using QGD rather
equations.

Other calculations were carried out for freestream Mach numbers equal to 2 and 20 for both levels of the wall temp
Tw = T0 andTw = T0/2 (not plotted here). The density and the temperature gradients near the forward-facing wall in th
wall” case are significantly larger than in the near-adiabatic case. These calculations lead to similar observations.

QGD and NS computations were also carried out for smaller Knudsen numbersKn = 0.01 (Ma∞ = 2, 5, and 10) and
Kn= 0.005 (Ma = 2 and 5) in the near-adiabatic case (T = T ). DecreasingKn and/or decreasingMa is favorable to local
∞ w 0 ∞
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Fig. 7. 2D flowfields (Ma∞ = 5, Tw = T0). Left part: density. Right part: temperature. On both parts: DSMC (full lines). NS (long-da
lines, upper half). QGD (dashed lines, lower half).

equilibrium and reduces the extent of the non-equilibrium region behind the disk. As a general conclusion, coming
local equilibrium makes QGD and NS results closer to one another.

8. Conclusion

The flow around a disk placed perpendicular to a supersonic rarefied flow has been calculated using NS and QGD e
DSMC calculations have been used as a reference. All calculations were carried out with emphasis put on using corre
for time and space discretization.

A unique criterion for the validity of continuum equations has been presented. Usual criteria based on Knudsen
and Bird’s breakdown parameter are particular cases of the present one, valid respectively for locally subsonic an
supersonic regions of a flowfield.

Pressure and heat flux distributions along the forward-facing side of the disk depend little upon the model and
described by both continuum NS and QGD equations for Knudsen numbers up to 0.1 and Mach numbers from 2 to 20

QGD equations are clearly superior to NS ones for calculating the distribution of skin-friction in both the cold-w
near-adiabatic cases. The QGD advantage increases with increasing the Mach number.

NS and QGD equations may be used for evaluating the flow parameters ahead of the disk up to Knudsen numb
to 0.1.

The near-wake region is within the Knudsen layer and cannot be described correctly by continuum approaches. De
temperature levels behind the disk computed by NS and QGD models are large when compared with DSMC ones. Ho
radial velocity near the disk surface computed using the mass flux in QGD model is significantly closer to the DSMC
than the NS one. In the far wake QGD results coincide more rapidly with DSMC ones than do NS results.

Concerning the domain of validity of the QGD equations, the present work allows to conclude that, for the flows wit
Knudsen numbers, where NS equations are valid, QGD additional dissipative terms do not distort the solution, but only
the numerical algorithm.

For the flows with moderate Knudsen numbers, where the NS solution already departs from the DSMC one, it was
that the QGD equations would bring some improvement to the NS solution, pushing it closer to the DSMC one. As demo
by the present work, this is true for a number of flow quantities or wall quantities. However for a few other quantities (e
temperature) QGD results exhibit no improvement (or even a degradation), compared with NS ones.
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